Abstract
Introduction
Every neonatal unit in the United Kingdom (UK) aims to offer high quality care for the vulnerable babies in the society. These neonatal units in the UK are organised into neonatal networks where a network consists of several units. Most of these neonatal units are regularly unable to meet the demand [10] . The premature baby charity BLISS reported that about 78% of all neonatal units had to close to new admissions at least once in the last six months [2] . This problem is exacerbated by several reasons. First, the percentage of refusal of admission from all neonatal units in UK is increasing. Secondly, these refusals of admission create risk and expensive transfer of sick babies. Thirdly, cots in neonatal units are very expensive, so management wants to keep these resources highly utilised. Consequently, the number of cots is inadequate. A perinatal network centre has a neonatal unit which consists of three units providing different levels of care: intensive care unit (ICU), high dependency unit (HDU)and special care unit (SCU). It is also known as the lead centre of the neonatal network and plays a vital role by providing the highest level of treatment and managing transfers of babies to other units for the most vulnerable babies. Many queueing network models and simulation models have been developed in health care research to model patients flow, manage capacity etc. [6] [9] [3] [1] [5] [8] [11] . In terms of modelling neonatal units, few articles have been found in the literature. However, most of the previous methods used both in neonatal care and health care in general did not capture the current issues of neonatal units. In a neonatal unit no queue is allowed to form. If a neonatal unit of a network runs out of capacity, babies who arrive to be admitted, are immediately transferred to another unit where places are available. Therefore, it is necessary to develop a suitable model to capture the flow of the babies in the units and measure the key performances. This paper provides a mathematical model for a neonatal unit with different levels of care through a loss network approach. The model contains a detailed description of the classes of babies admitted to a neonatal unit, and of solutions to accommodate cot shortages. Typical solutions in case of cot shortage are: transferring a baby to another unit/region; transferring to transitional care unit or releasing another baby earlier. But these alternatives have serious drawbacks, and also depend on the severity of sickness of the babies. The activity of a perinatal network centre or a neonatal unit has major similarities with loss network models developed for circuit switched telephone systems. For such systems, loss network model can be used to approximate the fraction of blocked telephone calls. In this paper, we propose such a generalised framework of a loss network model to capture patient flow and estimate performance measures of a network of units in equilibrium state.
The University College London Hospital (UCLH) perinatal centre of the North Central London Perinatal Network (NCLPN) is one of the busiest perinatal network centres across the country. The data for UCLH perinatal network centre have been used for a particular case of a loss network model. The model derives exact loss probability of the fraction of refused babies. The modelling approach allows us to determine the number of cots for any given acceptance rate of admission in all units of a perinatal network centre. This approach will be useful for future service improvement in perinatal centres of neonatal networks in the UK or in other countries where neonatal care is organised in a similar fashion.
Data and preliminary results
The data used for this study concerns the UCLH perinatal network centre. Data collection was done through the South England Neonatal Database (SEND) and NCLPN Transfer Audit. The data provide comprehensive and accurate information about each baby's stay in the ICU/HDU and SCU, including dates and times of arrival/discharge, source and reason of admission, birth weight and gestational weeks, admission refusal time and date. All 1002 babies admitted to the UCLH neonatal unit in the year 2006 were considered eligible for the study. The interarrival time and length of stay are calculated in days from the recorded dates of arrival and discharge. Of the 1002 babies who were admitted to UCLH in 2006, 31% were admitted to the intensive care and high dependency units and the remaining were admitted to the special care unit. Summary statistics of interarrival time and length of stay (LoS) are presented in Table 1 . Fig. 1 shows the interarrival and LoS distribution for both units. 
Proposed model framework
Babies arriving at a perinatal network centre are of three classes, level I or intensive care, high dependency or level II care and special or level III care. Class depends on the severity of sickness of a baby. In principle, a baby entering an intensive care unit is normally transferred to high dependency unit depending upon improvement and then transferred to special care from where he/she is allowed to go home/normal ward. But since the number of cots in all three levels is small and the cots in intensive and high dependency care are in high demand, babies coming from outside the network are normally transferred from intensive and high dependency care back to the units from where they come. Therefore, exit from any unit is still possible. An important characteristic of the unit is-it does not allow waiting for admission. In such cases, a baby is transferred to another neonatal unit.
A generalised loss network model
In Fig. 2 we schematically depict the patient flows for a general loss network model for a perinatal network centre. The network consists of J units, labelled 1, 2, , J. Unit j has C j cots. Let K be the set of classes of babies admitted to a perinatal network centre, with |K| = K. The number of units and the number of classes of babies admitted to a perinatal network centre are usually the same and typically three (intensive, high dependency and special). A baby of class-k requires A jk units of cots on unit j, with A jk a non-negative integer. A jk = 0 implies class-k babies do not go to unit j. Since each unit in our loss network framework provides a single type of service, the A jk ∈ 0, 1. Let I k = {j : A jk > 0} be the set of units (the route) admitting the classk babies, with |I| = J k . Let |K| = {k : A jk > 0} be the set of classes of babies admitted to unit j, with
Babies arrive according to a Poisson process with rate λ k for a particular class, independent of arrival processes for the other classes. A new baby of class-k is blocked and transferred to another unit if, in any unit j ∈ I k , there are fewer than A jk free cots. Otherwise, the baby is admitted and simultaneously uses A jk units of cots from every unit j ∈ I k for an arbitrarily distributed length of stay with mean 1/μ k . This length of stay is assumed independent of the arrival process and the length of stay of the babies admitted into other units.
We use n = (n k : k ∈ K) T to denote the system state of the network, where n k is the number of class-k babies currently in the network. Let C = (C 1 , C 2 , . .., C J )
T be the vector of capacities for the J units and A = (A jk : j = 1, 2, ..., J; k ∈ K) be the routing matrix. Hence, the set of all possible system states is denoted by
The steady-state probability of the network being in state n ∈ Ω is given by (cf. [7] [12])
where
is called the normalisation constant and ρ k = λ k /μ k is the offered load of class-k babies. Equation (2) is often referred to as the product-form solution of a loss network. The insensitivity property [12] ensures that the product-form solution holds for general (not necessarily exponential) service time distributions with finite means. Let B k be the steady-state probability that a new class-k baby will be refused admission i.e. blocked by the network. It can be then calculated as follows
where I k is the unit vector with the kth element being 1 and the other elements being 0. However, for most practical networks, direct calculation of the normalization constant is difficult, because it requires summing over all the states in Ω. Several approximate techniques were proposed to compute the normalization constant and the blocking probabilities such as reduced load approximation (RLA) [7] [4] and Monte Carlo method [13] .
A loss network model for the UCLH perinatal network centre
We introduce here a special case of a general loss network model which is applied to UCLH neonatal unit, the perinatal network centre of the neonatal network in North Central London. UCLH, intensive and high dependency care units have been merged for the purpose of better utilisation of cots. Therefore, the model for UCLH has two units: an intensive-high dependency unit and a special care unit. Babies cared at the intensive-high dependency unit may go to the special care unit and vice versa in some cases. However, in such cases we assume babies get no priority to be admitted to the corresponding unit. They are simply treated as new arrivals. In fact, this assumption is realistic, and allows us to consider each unit independently and consequently to reduce computational complexities. If no cot is available in any of the units upon arrival, the baby is sent to another unit. Babies can be discharged from any of the units. Fig. 3 shows the flow of patients at UCLH neonatal unit. From a mathematical perspective, the behaviour of the units in a neonatal unit closely resembles that of a circuit switched telephone system. A call generated is blocked when all circuits are occupied and eventually lost. But in the neonatal case we assume the baby is transferred elsewhere. The issue of bed blocking has received considerable attention for all the neonatal units in UK recently. In the simplest case of one telephone switch with one incoming flow and c circuits, the system is referred to as the Erlang loss system, and the blocking probability can be computed using the famous Erlang loss formula [12] Bed blocking Exit Bed blocking Arrival ICU and HDU SCU Figure 3 . A loss network model for UCLH perinatal network centre.
where ρ = λ/μ is the load with λ the arrival rate and 1/μ the mean length of stay. To consider a more realistic model we assume that blocked patients overflow into a common unit and this allows us to approximate these blocking probabilities in this model using the Equivalent Random Method (ERM) introduced by Wilkinson [14] . The idea behind the classical ERM is to replace several multi-server units by one equivalent random unit that generates the same expectation and variance of the overflow as in the original system. Let us consider a network of J units each having several cots. Using the ERM, the mean and variance of the number of babies in the overflow from unit j = 1, 2, ..., J with load ρ j = λ j /μ j and capacity c i are
The mean and variance of the total number of patients in the overflow, assuming that the overflow buffer has an infinite capacity, is
We perform the ERM to calculate the mean numbers of patients blocked in the system and overflowed which represents the number of babies transferred to other units.
Numerical results
The main aim of this article is to investigate how the number of cots and the arrival process affect the rejection of admission. To investigate this through the loss network model, we derive the rejection probabilities in terms of the number of cots and also in terms of the arrival rate for both units. The results obtained by the loss network model are presented in Fig. 4 and Fig. 5 . For the ICU-HDU, admission rejection probability increases with the arrival rate and de- creases with the number of cots for the intensive-high dependency unit. This result is particularly useful to select the number of cots for a certain level of rejection at any unit. With the existing arrival pattern, the choice of number of beds can be easily obtained using this model. Fig. 6 shows the rejection probability in terms of the number of cots at each care unit for the existing arrival pattern.
At UCLH, there were 12 intensive and high dependency care cots, 15 special care cots and 8 transitional care cots in 2006. The special care cots were sometimes used as intensive and high dependency care cots depending upon availability and circumstance and the transitional cots were sometimes used as replacement of special care cots. From the cot occupancy reported in the annual report 2006 of North Central London Perinatal Network (NCLPN), it can be observed that on average one special cot has been used for intensive and high dependency care and all 8 transitional care cots have been used for special and transitional care. With the existing arrival pattern, a baby arriving at UCLH ICU-HDU has a probability 0.377 of being refused admis- sion due to the lack of capacity. The corresponding probability for the special care unit is 0.347. However, when we account for the one special care cots at ICU-HDU, the rejection probability becomes 0.332, which exactly matches with the observed value. The corresponding rejection probability for special care unit becomes 0.098 when we account the extra 8 transitional care cots, which is also close to the observed value. The equivalent random method can be used to calculate the mean numbers of babies blocked in a particular unit and then transferred to another unit. Using ERM the mean number of babies rejected from the intensive-high dependency unit is 6 with variance 11 and from the special care unit it is 2 with variance 4.
Conclusion and further research
All recent studies about neonatal care networks in the UK suggest that capacity is now a burning issue. It is claimed that capacity needs to be expanded immediately for most of the units in the UK. But the cost involved in running neonatal cots is so high that expanding capacity can only be limited. A cot itself in neonatal units is also very expensive. Staffing associated with cots, particularly in level II and level III is very high. Transfer of neonates within or between units is also a big issue since it involves risk and cost. Quality of care is another issue. The proposed loss model incorporates the property of no queue in the units and gives us a very quick idea about the capacity required for a prespecified performance level. The loss probabilities calculated by the model are close to those derived directly from the data. The other main advantage of this model is its simplicity. Hence, the model can be used as a capacity planning tool for a perinatal network centre of a neonatal network for a given level of rejection. However, a more appropriate approach might be to model explicitly the transitional care unit within the system which is currently being investigated.
